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Effects of radial diffusion on the efficiency of
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A model is proposed to evaluate the effect of radial diffusion on the efficiency of porous flow-through
electrodes. The model includes the electrode parameters of porosity (), thickness (L) and equivalent
pore radius (R), the superficial flow speed of the electrolyte (v) and the molecular diffusivity of the
reactant in the electrolyte (D). The effects of these variables are incorporated in a dimensionless group
¢(L) = vR?/2DL which controls the conversion efficiency of the electrode. Satisfactory agreement was
found between the model predictions and the experimental results of several authors on different
electrode—electrolyte systems over a wide range of conditions. Implications of this work for design
purposes are outlined. The effect of radial diffusion limitations on the voltage efficiency of the electrode
is also discussed. It is shown that radial diffusion effects predominate under conditions of large values

of pore radius, polarization and exchange current density, and small values of diffusivity.

List of symbols

b RT[F (V)

c® Feed reactant concentration, (mol cm™)

Cs Reactant concentration at the electrode
- surface

c(x)  Average or ‘mixing-cup’ concentration of

reactant at x

Reactant concentration at the centre of the
pore

Reactant concentrations at the wall of the
pore

Equivalent pore diameter (¢cm), Equation 2
Diffusion coefficient of reactant (cm? s™)
Conversion efficiency of the electrode
Maximum obtainable limiting current,

(A cm™) Equation 1

Exchange current density based on bulk
concentration, ¢°

Normalized exchange current density,
igSL/iy,

Electrode thickness (cm)

Number of electrons

Tortuosity factor

Equivalent pore radius (cm)

Reynolds number (Re) = vfsy

Emﬁvmh - N Y
S’
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© 1980 Chapman and Hall Lid.

S Specific surface area of the porous medium
(em™)

(Sh)  Sherwood number K, d/D

v superficial flow speed (cm s™*)

x Distance, see Fig. 3.

o Transfer coefficient

n(x) Polarization at distance x

] Porosity

¢(x) Dimensionless group, see Equation 6

v Kinematic viscosity (cm? s™!)

1. Introduction

The potential industrial applications of porous
flow-through electrodes have recently generated
considerable interest in this electrode system. It
has been proposed for use in removing cyanide [1]
and heavy metal ions [2-7] from industrial waste
streams and in electrically rechargeable batteries
for load-levelling applications [8]. The literature
pertaining to this electrode system is expanding
rapidly; adequate reviews have been recently
published [9, 10].

The maximum limiting current obtainable from
this electrode is given by

(1)
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There are several reasons why the electrode may
not attain this value as discussed in the literature
[10-23]}. A major reason for this loss of efficiency
is mass transfer restrictions in the radial direction.
Under this condition the advantages of the elec-
trode are not fully attained.

The conversion efficiency is defined as the ratio
of the experimentally measured limiting current
to that given by Equation 1. The dependence of
this efficiency on flow speed and the structural
parameters of the porous electrode is a question of
prime importance for design purposes. Some
authors [7, 12-20, 27] used an empirical ap-
proach to correlate the dependence of the experi-
mental limiting current (and hence the conversion
efficiency) on electrode thickness and electrolyte
flow rate while others [3-6] used the empirical
mass transfer coefficient obtained on packed beds
[25] to treat the polarization effects in this elec-
trode system. There are serious discrepancies
between the empirical mass transfer coefficients
reported by various workers [30, 31] including
those using closely related techniques, e.g. the
coefficients measured by Appel and Newman [26],
Coeuret [27] and Sioda [28, 29] using porous
flow-through electrodes are different from each
other and from that of Wilson and Geankoplis
[25]. Furthermore, such correlations shed no light
on the mechanism of internal mass transfer and
the discrepancies among them introduce uncer-
tainties when used for design calculations.

In this paper an analytical solution for the con-
version efficiency of the electrode is presented in
terms of the superficial flow speed, reactant dif-
fusivity and the structural parameters of the elec-
trode, i.e. porosity, tortuosity, thickness and pore
radius. The theoretical predictions are compared
with the experimental results of many authors.

Radial diffusion has a second effect which is
also related to the concentration gradient in the
radial direction and to the voltage efficiency of the
electrode. The latter is defined as [32]

Tv = V/E

where F is the reversible thermodynamic electrode
potential and V is the potential under operating
conditions, i.e.

V=E—2n

where X n is the sum of concentration, activation
and ohmic polarizations. Thus, with slow radial

diffusion, even if the conversion efficiency is
unity, the reactant concentration at the pore wall
Cw{x) is less than that at the centre of the pore
Cm (x). The difference between ¢, (x) and ¢, (x)
determines the extent of radial diffusion control
and the magnitude of concentration polarization
which affects -y,. The second objective of this
paper is to determine the dependence of the
ratio ¢g (X)/cm (x) on iy, 0, D and pore radius R
(cf. under polarization effects).

2. Model, assumptions and solutions

The internal geometrical structure of a porous
electrode is quite complicated and the electrode—
electrolyte interface is difficult to describe
exactly. However, a satisfactory treatment of the
transport processes in such geometries may be
achieved by using the concept of the ‘equivalent
diameter’ which is defined by [33]

d = 40/S )]
where d is the equivalent pore diameter in cm, and
S is the specific surface area of the porous medium
in cm™ . This approach proved useful in treating
heat transfer problems in annular, triangular and
rectangular conduits using cylindrical co-ordinates
[33]. Alternatively, the porous matrix may be
visualized as a large number of short tubular con-
nections, randomly oriented. Consequently, the
solutions for the concentration profile in a tube
will be presented and then modified to account for
porosity and tortuosity effects. We consider only
the laminar flow regime for which experimental
results are available. The flow is assumed laminar
only in the general sense that the viscous forces
predominate over the inertia forces [34]. The
onset of turbulence is known to occur in porous
media at (Re) = 1-10 [26].

There are two limiting cases of laminar flow in
tubes: (a) Plug flow, which prevails in the velocity
entrance region of straight tubes (or conduits), and
(b) Fully developed (Poiseuilie) flow which pre-
vails in straight tubes and in artificial porous elec-
trodes with straight cylindrical pores (or regions
thereof). Inside a porous medium of regularly
shaped particles under laminar flow, it is obvious
that the velocity profile lies between these two
limiting cases. Consequently, solutions are pre-
sented for both flow patterns for comparison with
the experimental results.
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The solution of the concentration distribution
in a cylinder ¢(x, r) with zero surface concentra-
tion throughout its length (corresponding to limit-
ing current conditions) is readily available in the
chemical engineering literature. The more useful
concentration for the purpose of this work is the
mean or ‘mixing-cup’ concentration, ¢(x), which is
obtained by averaging the concentration at a cer-
tain distance over the pore radius. This is given by
Equations 3 and 4 for plug and parabolic velocity
profiles, respectively [33].

j=oo

c() = 4c® L (1) exp [~ £ (D/oR*)]
3)
(A
e(x) = c° E 7 (dr)r=R

x exp [— B} (2xD/vR*)] “
where £; are the roots of the zeroth order Bessel
function;i.e. Jo(§;) = 0 and Y, §; and B; are,
respectively, the eigenfunction, the eigenvalue

and a coefficient related to ;. More details about
these variables are available elsewhere [24].

The velocity of the electrolyte inside the pore
(vp) is related to the superficial velocity by [36]
v, = vq/6 where g is the tortuosity factor. Since
0 <1 and g > 1, v, must be several times greater
than v; a factor of 4-8 was used in the petroleum
engineering literature [37]. On the other hand, the
true electrolyte path length x (true) = xg. Upon
replacing x and v in Equations 3 and 4 by x (true)
and v,, and converting to dimensionless variables,
one obtains

O = 4 Y (1) exp [~ £/260)] (5)

i=1

o) _ I 4By (dy 8
& ,; g2 (dr),=1 eXp[ 4¢(x)}

where

(6)

X

#(x) = vR*[2Dx0.

This dimensionless group includes the transport
properties of the electrolyte and the structural
properties of the electrode. The physical signifi-
cance of ¢(x) has been investigated before [23,
24].
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3. The conversion efficiency
The conversion efficiency, f, is given by
f=1—c@L)c® (7

The infinite series in Equation 3 and 5 converges
rapidly for small ¢(x) values. The first term is
sufficient for ¢(L) < 0.1 whereas 50 terms are
required for ¢(L) = 1000 for a relative error in
fof < 10™*. The lower roots of the zeroth order
Bessel function were obtained from tables and the
higher roots were calcuiated using [38]

=@—Hr i>1 ®

The first eleven terms of ¢y, §; and B; are tabu-
lated while higher terms were estimated using the
relation [33]

B =4(G—1D+83 j=123,... (9
B; = (— 1)1 2.8465%° (10)
Bi d‘l’j) -1/3
== = 1.01276 B;
5 (dr . 1.0 B; (11)

The solid lines in Fig. 1 show the effect of the
dimensionless group ¢(L) on the conversion
efficiency f for both plug and parabolic flow con-
ditions, using Equation 3-7. The figure reveals the
following:

(a) In the region of ¢(L) > 1, which corre-
sponds to the developing concentration region
[23], the predicted fis higher for plug flow than
for parabolic flow; and

(b) As ¢(L) decreases, f increases becoming
ultimately equal to unity for ¢{L) < 0.5. This is
the ‘deep bed’ region [33] in which the Sherwood
number is a constant independent of position in
the electrode (cf. under polarization effects). This
is obtainable for elecirodes of fine pores (small R)
and large thickness (L), and/or reactants of high
molecular diffusivity and low electrolyte flow
rates.

4. Comparison with experimental results

The values of the conversion efficiency measured
by various authors are compared with the calcu-
lated values in Fig. 1. Table 1 lists the relevant
information for each set of results. The equivalent
pore radius was calculated from the data reported
by the various authors using Equation 2. The
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Fig. 1. Comparison of predicted and experimental efficiency relations.:

values of the diffusion coefficient are: 7.6 x 107
cm? s for the ferricyanide ion [39], 7.5 x 107®
em? 57! for Cu* ions in 1.0 N H,SO, [40], 5 X
1076 ¢cm? s7! for Cu®* ions in NH,Cl-NH,OH
mixture [22] and 4 x 107® ¢cm? s for the ferric
oxalate complex [41].

Inspection of Fig. 1 reveals the following:

(a) As ¢(L) increases the efficiency decreases in
accordance with the predictions of the model;

(b) A large number of the data points are
enveloped between the Poiseuille flow curve (on
the lower limit) and that of plug flow. This is quite
satisfactory in view of the wide differences in the
particle shape and size, electrode thickness and
porosity, electrolyte flow rate, electrochemical

and transport properties of the reactant system
and the relative directions of electrolyte and
current flow.

(c) A conversion efficiency of 100 % is obtain-
able for ¢(L) < 0.3. This seems to be a safe design
criterion. At lower efficiencies, the Poiseuille flow
correlation slightly underestimates the efficiency
and hence can be the basis for design calculations.

5. Polarization effects

Consider an electron transfer reaction, the rate of
which is given by the Tafel equation including
concentration effects i.e.

io(cs/c®) exp (om/b)

i =

(12)
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Fig. 2. Representation of the space element.

Performing a mass balance on a space element dx
in Fig. 2, one obtains:

di(x) = ioS[cw(x)/c°] exp [om(x)/b] dx.
(13)
This current increment is supported by radial
diffusion the rate of which (cm™ of internal pore
area) is ky [em (¥) — ¢ (x)] where &, is the mass
transfer coefficient given by

ky = (SW)DJ2R

Where (S%) is the Sherwood number. For con-
ditions of ¢(1) < 0.5 (i.e. f==2 1), (Sh) is a constant
independent of distance inside the electrode and is
5.78 for plug flow and 3.56 for Poiseuille flow
[33]. Thus

di(x) = nF[(Sh)DS/2R] [cm(x) —cw(x)] dx.
@15)

A complete description of the problem requires
two more equations, namely a mass and a charge
balance in the axial direction and the simultaneous
solution of the four equations with the proper set
of boundary conditions. This will be presented in a
subsequent article and it will suffice here to solve
the equations for the ratio of ¢y, (x)/cm (x). Thus,
substituting for S from Equation 2, multiplying
Equations 13 and 15 by L/, equating and re-
arranging one obtains

cwlx) 1
em®) 1+ [250¢(L)(Sh)] exp [an(x)/b]
(16)

where iy = i SL/iy, is the dimensionless normal-
ized effective exchange current density of the
electrode. Fig. 3 shows the variation of the con-
centration ratio ¢, (x)fem (x) with iy (L) and
an(x). It is evident that this ratio approaches unity
for small values of 7y, ¢(L) and an(x), i.e. low

14

reaction rates, narrow pores, low electrolyte flow
rates 9 and high values of reactant diffusivity D.
This corresponds to conditions of negligible radial
diffusion effects, i.e. ¢y, (x)/cy, (x) > 0.9. On the
other hand ¢y, (x)/cx, (x) < 0.1 at high values of
io, ®(L) and an(x), i.e. severe radial diffusion con-
trol under which condition radial diffusion is too
slow to keep up with the reaction occurring at the
pore walls and hence significant concentration

" polarization arises. Under this condition the one-

dimensional models used by various authers to
simulate the polarization behaviour of this elec-
trode are expected to fail. Therefore the criterion
for negligible radial diffusion control and for the
validity of the one-dimensional models is

[2009(L)/(SR)] exp [en(x)/b] <1.  (17)

The applicability of this criterion can best be illu-
strated by a numerical example. Thus for the
condition of ¢(L) = 0.5, iy = igSLfiy, = 0.1,
(Sh) = 5.78 and am(x)/b = 3, ¢\, (x)/cpy (x) = 0.74.
This is only moderate radial diffusion control. An
order of magnitude increase in 7y or in ¢(L) makes
this ratio equal to 0.22. An increase in am(x) has a
similar effect. On the other hand, a comparable
decrease in 7y, ¢(L) or in an(x) puts the system
under conditions of negligible radial diffusion
effects.

6. Conclusions

The agreement between the model predictions and
the experimental results is quite satisfactory in
some regions and is less so in others. To that
extent the model, being an extension of an exist-
ing theory, is of more general applicability and
hence is considered an improvement on the empiri-
cal or semi-empirical treatments of this system.
The results of the model show clearly the domains
of the various parameters where radial diffusion
affects the conversion efficiency and how the
latter is related to the structural parameters of the
electrode and the transport properties of the
electrolyte. Thus to achieve 100% conversion
efficiency, a value of the dimensionless group ¢(L)
= 9R?/2DL6 < 0.3 is a safe value for design calcu-
lations.

The ultimate contribution of this work is that it
presents a comparison between the experimental
results of various authors and the prediction of a
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well-known theoretical model within the frame-
work of which one can easily visualize the inter-
dependence of the factors which affect the
conversion efficiency of the electrode. The treat-
ment of polarization effects on ¢y (x)/cm ()
enables one to evaluate the effects of iy, ¢(L) and
an(x) on this concentration ratio. A criterion is
developed for the validity of the one-dimensional
models frequently used in analyzing the behaviour
of this electrode system.

No mention is made in the above model or in
previous ones of the effect of gas bubbles pro-
duced by a parasitic side reaction, e.g. H,, O, or
Cl, evolution. The evolution of such gases is likely
to pose a serious problem for such models if the
limiting current of the principal reaction occurs in
a potential region in which it is both thermo-
dynamically and kinetically favorable for the gas
to evolve at a sufficient rate to form gas bubbles,
i.e. beyond the saturation of the electrolyte with
the gas. Under this condition the effective dif-
fusion coefficient and the cross-sectional area
available for electrolyte flow will be different from
the respective values in the absence of the gas.

Fig. 3. Effect of the normalized
polarization on, ¢y {x)/cy (x). The
numbers on the curves are i, ¢(L).

Although it can be easily appreciated that evolu-
tion of gas bubbles is accompanied by an increase
in the former and a decrease in the fatter, it is not
possible at the present to estimate the extent of
such variations due to the lack of pertinent infor-
mation. In fact, experimental work in this area is
called for to evaluate quantitatively the effect of
gas bubbles on the above parameters and on the
electrolyte flow speed. Therefore, the above model
can be used for the cases either where no gas
evolution occurs or where it occurs but the gas
concentration in the electrolyte does not exceed
its saturation value so that gas bubbles do not
form.
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